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Abstract 

Using the new form of necessary and sufficient conditions introduced in Ref. [16J, 
minimum error discrimination among two sets of similarity transformed equiprobable 
quantum qudit states is investigated. In the case that the unitary operators are gener- 
ating sets of two irreducible representations, the optimal set of measurements and the 
corresponding maximum success probability of discrimination are determined in closed 
form. In the case of reducible representations, there exists no closed- form formula in 
general, but the procedure can be applied in each case accordingly. Finally, we give the 
maximum success probability of optimal discrimination for some important examples 
of mixed quantum states, such as qubit states together with three special cases and 
generalized Bloch sphere m-qubit states. 

Keywords: Minimum error discrimination, Similarity transformed quantum 
states, Probability operator measure 
PACs Index: 01.55.+b, 02.10.Yn 

1 Introduction 

The discrimination of nonorthogonal quantum states is an important and challenging prob- 
lem in the realm of quantum information theory. It is known that one cannot discriminate 
perfectly among nonorthogonal quantum states and ought to invoke to an optimal way of 
state discrimination. There exist two approaches to the problem of discrimination: optimal 
minimum-error discrimination in which the state identification is probabilistic PQ-[E] and 
optimal unambiguous discrimination in which the states are discriminated without error [9]- 
[T4"] . Here, we consider discrimination strategies, known as the minimum-error discrimination 
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(MED), which are based upon the minimization of the rate error. For treating minimum 
error discrimination, there exist two known strategies : the necessary and sufficient con- 
ditions for optimal discrimination [T|-[5] and Helstrom family of ensembles [15]. However, 
solving problems by means of them, except for some particular difficult task. 

In Ref. [16J, a new technique has been presented in which the two previous strategies are 
comprised to obtain optimality conditions of the equality form and it has been shown that 
the new technique is powerful in solving problems of optimal discrimination between mixed 
quantum states which are in general not symmetric. Here, we use the latter technique in the 
problem of minimum error discrimination among two different sets of equiprobable similarity 
transformed quantum states. 

In this paper, we first use the technique of Ref. [16] to investigate MED between two 
sets of equiprobable quantum mixed states generated from two original density operators 
by unitary similarity transformations. The novelty of this work is that quantum states to 
be discriminated are partitioned into two sets with non-equal probabilities. In the case 
that the unitary operators are irreducible representations of generators of a subgroup of 
unitary group U(d), the maximum success probability and optimal measurement operators 
are precisely derived. In the case that the unitary operators are reducible representations of 
the corresponding subgroup, although there exists in general no closed-form formula but the 
procedure can be applied in each case accordingly. Finally, we study MED between some 
important classes of mixed quantum states such as generalized Bloch sphere m-qubit states, 
in details. 



2 Minimum error discrimination among states of two 
sets of similarity transformed equiprobable states 

In general, the measurement strategy is described in terms of a set of positive semidefinite 
operators Hj known as the probability operator measure (POM). The measurement outcome 
labeled by i is associated with the operator and the sum of the POM elements must be 
the identity operator, i.e., Y2i TEj = I which is known as a resolution of the identity. Knowing 
that the transmitted state is pj, the probability of observing the outcome i by the receiver is 
p{i\j) = Tr(IliPj). Let us consider the different states pi, p 2 , ■ ■ ■ , Pn with prior probabilities 
Pi,P2, ■ ■ ■ ,Pn, respectively (pi > 0, J2iPi = !)• Then the success probability p for correctly 
identifying the states pi is given by 

N 

p = ^2piTr(piUi). (1) 

i=l 

The necessary and sufficient conditions leading to the minimum-error discrimination can 
be written as [16] 

M = PjPj + (p op t - Pj)Tj, j = l,...,N. (2) 

in which M. denotes ^2f =1 PiHiPi, p op t stands for maximal success probability, p opt > Pj and 
Tj's are positive operators of trace one called conjugate states [15]. If Ilk = I for some 
k G {1, . . . iV}, then taking trace of both sides of Eq. (T5]) gives p opt = Pk- Note that for two 
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different equiprobable states pk and pi it is impossible that p opt = Pk = Pi, since in this case 
Eq. (|2J) implies pk = pi which is a contradiction. It is shown in Ref. [16] that the conditions 
(ED lead to 

( Popt - p^TrirjUj) = 0, j = 1, . . . , N; (3) 

In this paper, we consider two sets of N different states: the first set containing equiprob- 
able unprimed states with prior probabilities rj and the second set containing equiprobable 
primed states with prior probabilities r( as follows 

Pj = UjPiUj 1 , Tj = UjnUr 1 , j = 1, . . . , n , (4) 

f/ j = U' j pt l U , J 1 , r; = U^r[U'j\ j = l,...,n', (5) 

where n + n! = N and {Ui = Id, U 2 , ■ ■ ■ , U n } and {U[ = Id, U' 2 , . . . , U' n ,} are generating sets 
of representations of two subgroups of U(d), the group of all d x d unitary matrices. Clearly, 
we have 

nrj + n't]' = 1. (6) 

Such states is referred to as similarity transformed states. Denoting POM elements corre- 
sponding to pj and p'j by IL, and IT^ respectively, we must have a resolution of the identity 

n n 1 

£n i + £n;. = /. (7) 

3=1 3=1 

Assume that EL, = Xjitj and 11^ = A'tt'- for some nonnegative numbers Xj and X'j and positive 

semidefinite operators nj and ir'j such that Y^j=i <\j + Y^j=i ^'j = 1- As POM operators 
constitute a resolution of the identity, it is possible that for the optimal POM some of the 
operators ITj and 11^ vanish. Note here that tt/s and 7rJ's must be satisfy the conditions (jHD 

(Popt - vi)XjTr(Tjitj) = (p opt - r]')X'jTr(r'jn'j) = (8) 

so the optimal operators irj and n'j can also be assumed to obtain from positive operators 7Ti 
and n[ respectively via the same similarity transform which defines the states and p\ and 
the corresponding conjugate states and t[, i.e. 

n { = UtmUf 1 , (9) 

< = U^[Ur\ (10) 

Therefore, Eq. (jHJ) is reduced to 

{Po P t - r])XjTr(Tiiii) = {p opt - rf)X'jTr(T[n'^) = 0. (11) 
Here, optimality conditions (j2j) can clearly be written as 



M = 7] pi + (p op t - ?7)Tj 

= ^'Pj + (Popt - r)')r'j. 



(12) 
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where M. denotes 7] Y^=% ^iPi + rf Y^=i ^iPi- From (J4j), ([5]) and ( !T2|) . it is easy to see that 

M = U % MU; 1 = U'jMU'r 1 . (13) 

We know that the representations U^s and C/j's are either irreducible or reducible. We dis- 
cuss the two cases separately. 



2.1 The irreducible case 

Let Ui's and t/j's be generating sets of irreducible representations of two subgroups of U(d). 
Then, by the Schur's first lemma on representation theory [T71 [18] , Eq. fflBl implies that Ai 
is a multiple of identity operator; i.e., Ai = al for some complex number a. 
By taking trace of Eq. f[T2"j) . we get 

a = ^f. (14) 
a 

In order to obtain an optimal measurement for discrimination among states pi, let us write 
Pi in the spectral decomposition form as p\ = Ylt=i a iV) Then, Eq. f lT2"j) implies that t\ 
is also diagonal in the basis \i), say, T\ = $^Li&tK)(*|- By the replacement of pi and ri in 
Eq. ( |T2i) . we have 

d d d 

-^5^I*X«I =»75^ail»)< i l + (Popt- 7 7)53 6 il*)( i l s ( 15 ) 

i=l i=l i=l 

and hence 

p opt = d^ai + (p opt - 77)&i]. (16) 
Similarly, for the second set, we have 

ot = d[ V 'a' l + ( Popt - V ')b' l }. (17) 



Since, for the irreducible case we have n > 2 and n' > 2, then as mentioned above p opt ^ r), rj' 
and hence Eq. (jSJ) implies that 

XjTrinirx) = X'jTr^) = 0. (18) 

Hence, either Xj = (A^ = 0) or m (tt[) is perpendicular to T\ (t{); namely, T\ (t[) is not full 
rank. In the latter case, Eq. (fTB"]) indicates that when eigenvalues a« of p\ are all distinct, 
only one of the coefficients &j, say 6/, is zero and a/ is the greatest eigenvalue of pi, denoted 

as a max- Thus, 

Popt = V a maxd (19) 

and 7Ti = A 10(^1 with $ an unknown positive constant and 

Tl t = X t m\l}(l\Ur\ (20) 
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Now, let there exist m eigenvectors i±, . . . , i m of p\ with the same eigenvalue a max . Then, 
p op t is again given by ( !T9|) and by Eq. ( fl6|) , these eigenvectors must correspond to the 
eigenvalue zero of t\. So, the operator tti can be written as 

7Ti = + . . . + a m \i m )(i m \, (21) 

where a^s are non-negative numbers. By the same argument, we can get for the second set 
relations similar to Eqs. ( TB?j) . f[2TJ|) and ( l2"Tj) . If this equality do not hold, all elements of one 
of sets {fr«}™ =1 and {^}™ =1 are nonzero. 

If Ti (r{) be full rank, then it cannot be perpendicular to 7Ti (71^) and by Eq. (fT8|) . A/s 
(Aj 's) are all necessarily zero. When this is the case, operators of optimal POM correspond- 
ing to the first (second) set are all zero and the unprimed (primed) states do not enter in 
the discrimination. 



2.2 The reducible case 

Let UiS and C-'s be generating sets of reducible representations. Then, it is shown that 
the invariance of M. under the operators U^s and J7j's (see Eq. ([13]) ) requires that M. is 
diagonal; i.e., M. = diag(Mi, . . . , M d ) (for a proof, see Appendix B of [T6]). 
Here, the same technique as the irreducible case is applicable. However, we cannot give a 
general solution because the explicit form of M differs per case. In what follows, we illustrate 
the problem by considering some examples of qubit and m-qubit mixed states. 



3 Examples 

I. MED between two sets of similarity transformed equiprobable qubit states 

Let us consider two different qubit states as 

^ = ±(1 + (22) 

p[ = l(I + b'n^.a), (23) 

where oVs are the Pauli matrices and and h'^ are unit vectors. Furthermore, let Uj and 
Uj be arbitrary rotations about the z-axis that rotate pi and p[ into pj and p'j, respectively, 
such that 

Pi = \{I + bhU\<?), (24) 

p' 3 = \{I + b'h^.a). (25) 
The conjugate states corresponding to pj and p'j have the form 

Tj = ^{1 + cm {j) .a), (26) 
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T > = hl + c'm'^.a). (27) 
J I 

where m^' and m'^' are unit vectors. Now, from the invariance of Ai under rotations about 
the z-axis, it follows that n > 1 or n' > 1 and 

M = al d + (3a z . (28) 

First, we assume that n > 2 and n' > 2. Hence, we have p opt > 77,77' and by Eq. (JHJ), 
XjTr{jjT[j) = X'-Trij'-n'-) = 0. This consideration together with resolution of the identity 
imply that at least one of T\ and r[ is not full rank. Without loss of generality, let us assume 
that 7~i is not full rank such that its minimum eigenvalue is zero which yields c = 1. To 
satisfy Eq. ([8]), the optimal POM elements must have the following expression 

Uj = XjU^U^ 1 = Xjil -m^a x -mfa y -m z a z ), Xj > 0, (29) 

IE, = X'p^Uj 1 = A;.(J - m'^a x - m'^a y - m' z a z ), X' 3 > 0. (30) 

By substituting the expressions of IT,- and II' from Eqs. (1291) and fl30|) into Eq. ([TJ), it is easy 
to see that the following restrictions are imposed on Xj and A^- 

n n' 

5> +£ a ; =i > (31) 
3=1 3=1 

n n' 

m z J2X J +m' z J2 X 'j=^ ( 32 ) 
3=1 3=1 

n n' 

E + m v ] i) + E A K m 'i J)i + ^fj) = 0. (33) 

3=1 3=1 

It is clear from Eqs. (13T1) and fl32|) that the signs of m z and are opposite unless m z = 
m' z = 0. Furthermore, Eqs. ( l32l) and ( l33l) imply that the points representing the optimal 
measurement operators do not share the same hemisphere of the Bloch sphere. 

In what follows, it is convenient to obtain relations between components of Bloch vectors 
of the states and whose conjugate states. To this end, for the case n > 1 and n' > 1, we 
combine Eqs. (JED and (EM ]) - (j2li]) and get 

ro W = — ^-nj), = m^^, (34) 

Popt — ?7 Popt — Pop* — V 

cm};-" = :n~r, cm.y = -n, y> cm= — . (35) 

Popt-V' v Popt -if V Popt-V 

We discuss various situations based on whether m z = (m' z = 0) or m z 7^ {m' z =fi 0). As 
we will see, the optimal measurement operators of one of the sets may become zero. 

1. m z 7^ and m' z 7^ 
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Let m z =/ and m' z =/ 0. Then, as mentioned above, the signs of m z and m' z must be 
opposite. Let us, without loss of generality, assume that m z > and m' z < which, by Eqs. 
( Bl]) and ( I3"5"j) . is equivalent to the condition 

^i</?<^. (36) 

In this case, the points of the Bloch sphere representing the optimal measurement operators 
of the first and second sets are in upper and lower hemispheres, respectively. From this 
consideration and the fact that POM elements must hold a resolution of the identity, it 
follows that neither the optimal POM elements associated to the first nor to the second 
set are zero at a whole. Therefore, due to the orthogonality of any optimal measurement 
operator and its corresponding conjugate state, conjugate states of any set cannot be full 
rank and hence must be pure i.e. c — d — 1. 

To obtain p opt , first we find j3 by using Eqs. ( jMJ) and (135]) in 



(mi 1} ) 2 + (m^) 2 + {m z f = 1, 
(mL (1) ) 2 + K (1) ) 2 + K) 2 = l 

and subtracting the resulted equations. The result is 



(37) 



a = y 2 (b 2 -l)-y' 2 (b> 2 -l) + 2( V -r ] ')p opt 

P A{r]bn z - 7]'b'n' z ) ' 1 j 

Then placing (3 in the equation resulted from the first equation of (!37|) . gives the desired 
result as 

-B ± VB 2 - AC 
Popt = £4 ' ( 39 ) 

where 

A = (rj — i]') 2 — (i]bn z — i]'b'n' z ) 2 , 

B = [rj 2 (b 2 - 1) - i 2 (b' 2 - 1)](t/ - rf) 

—2rjbn z (r] — rf)(r]bn z — rfVn'^) + 1r\{j]bn z — r]'b'n' z ) 2 , (40) 
C = [rf{b 2 - 1) - v ' 2 (b' 2 - l)] 2 + A v 2 {b 2 - l)(r]bn z - rj'b'n' z f 

-Ar]bn z [7] 2 (b 2 - 1) - rj' 2 (b' 2 - l)](rjbn z - rj'b'n' z ). 

Of course, from two roots of Eq. (|39|) . we must take the biggest one as p opt . 
2. m z = and m' z = 

When m z = m' z = 0, from Eqs. (1341) and (1351) we have 

Vbn z = p = jb'n' z ^ 

Here, the points representing optimal measurement operators are all on equator of the Bloch 
Sphere. In this case, the success probability is given by 



Popt 



7/(1 + by/ 1 - n 2 z ) (42) 
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and Eqs. ( 134)) and (1351) give d as 



d 



Popt ~ V 



7 ^T^f. (43) 



In the case of d < 1, all of A^-'s and hence primed measurement operators have to be zero 
while in the case of d = 1 it is not necessarily the case. 

3. m z = and m' z ^ 

In this case, Eqs. (13"4"|) and ( 13"5"j) lead to 

2£ = /J*=^, (44) 
For n > 1, when this occurs, the success probability becomes as 

*V = ^(1 + by/l-nl) (45) 

and 

\/ri 2 b 2 n 2 + r)' 2 b' 2 — 2r\v/bb'n z n' , , 

c = 5 ( Li L_*. (46) 

Whether primed conjugate states are mixed, c' < 1, or pure, c' = 1, the coefficients A^'s 
and hence II^'s should all be zero, since otherwise the measurement operators cannot satisfy 
a resolution of the identity. Here, the optimal measurement is the one which optimally 
distinguishes the states pi, . . . , p n only. Furthermore, Eq. ( 133]) by using Eq. (134")) imposes 
the constraint 

n 

^A i (nWi + ^0j) = 0, (47) 
i=i 

which means that sates of the first set do not all place on the same half of the equator of 
the Bloch sphere. 

In the case n = 1, n > 1, in order to satisfy the conditions ((?]) and ([8]), we have A'- = 
for all j, and 

p opt =77, n x = I. (48) 

4- rn z 7^ and m' z = 

In this case, we have c — d — 1 and 

i^^p = iJA, (49) 

Also, for n' > 1, we obtain 



Po P t = 7/(l + 6Vl-< 2 )- (50) 

n' 

E A K< (i)i +< (i) j) = °> ( 51 ) 

3=1 
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and for n > 1 and n = 1, we have 



Popt = v ', n; = i. (52) 

For the case c < 1 and d = 1, the roles of parameters for the first and second set of states 
are reversed and the results are the same as the case c = 1 and d < 1 only with unprimed 
and primed parameters exchanged. 



II. Some special cases 



In this section, we derive analytical expressions for the maximal success probability and op- 
timal detection operators in some instances which extend and confirm the results obtained 
in Refs. [15]- [21]. Hereafter, we use the notations 

n n' 

A (n) = £ \ s {ngH + r#>j), KM = £ A}(n?>i + n}»j). (53) 

3=1 3=1 

Case 1. 

Consider n + 1 different pure states with the Bloch vectors 



n 
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(n^,n ( ^,n z ), n[ = (0,0,1), j = l,...,n. (54) 



From Eqs. ( 1331) and ( |35l) we see that mjP = = and A*™) = 0. Some simple algebra, 
gives 

ri(l+n z )-2ri' 11 'l' lz r?(l+n 2 )-2r?' V Ui r?(l+n z )-2j?' ' 

and -J— A» + -^A'J = 0; 

Popt — \ Pcj.t-?? Popt-V 1J 



^(1 + ^T^f) if ^ = 7/ or 77 < A» = 0. 

n%+r/n z — l—n— (l+n)W 1— n| 

These results are reached by the following sets of detection operators, respectively 



(55) 



U (m^rr _l_ n^rr \ _ (v-v')Popt-yn z (r)n z -r)') 



a, 



(56) 



Popt-rj^ x V VI (r j n z —ri')(popt—ri) 

tt/ _ y \ j _ iv-v' )popt-i (yn z -v') 1 

X1 1 (r?n z -r,')(p opt -»7') °*J > 

and 

n ;= A >< /+ ;fir* + ^r»>- (57) 

n; = o. 

Case 2. 

Consider n + 1 different pure states with the Bloch vectors 

bj = (r$,nf,n t ), < = (0,1,0), j = l,...,n. (58) 
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Here, we obtain 

2ri 2 ri n 2 



Popt 



if < 



(y-v')v' 



V 2 n 2 -(r\-r\) 2 (v n z) 2 -(.V~V ) 2 

2*7 if n z = 0, V>j^, A (n) + A'J = 0; 

V (l + ^T=tf z ) if n z ^0, rj> 1 AW = 0; 

n+^l-nj 



_J_AW + _ 2L_A', j = 0; 

Popt-V Popt-V 1J 



(59) 



K V if n z ^ 0, r] = 

where are reached by the following set of detection operators, respectively 



n, = A,[/ 
n' 1 = A' 1 [i + 



7) 



Popt — T] 



1 



[nx } a x + n y j) a y ) 
(v-v')popt 



(■n-i] r )popt-ri 2 n1 
rrn z (popt—V) 



cr z 



Popt-V ,(Ty V n z(Popt-r)')°' z ^ 



n 



. - Xj(I + n^cr^ + n y j) (jy), 

7* 



n^AUJ + a,); 
ni = 0; 



and 



Case 3. 



n, = o, 



(60) 

(61) 
(62) 

(63) 



As a final case, let us consider two set such that each one containing two pure states with 
Bloch vectors as follows 



( n x\ n y\ n z), 



(64) 



By referring to the general case discussed above, the optimal success probability and mea- 
surement have given by 



2jj jj n 2 



T] 2 n 2 -(v-V ) 2 

2?7 



if < 



; iV - V ' W ry 2 < i + ^^A'(2) = ; 

(r)n z ) 2 -(rj-i] ) 2 2' p pt~V Popt-V 



Popt = < 



if n 2 = 0, 77 > |, A( 2 ) + A'( 2 ) = 0; 
7/(1 + v/T^) if n^0, 77>^=, A( 2 ) = 0; 

2V if n 2 = 0, t? < \, A(2) + A'(2) = 0; 

I 2t/ if n z ^ 0, 7/ < |, A'(2) = 0; 



(65) 



and the associated measurement operators are respectively given by 



n, 



A,[/ + 

n'=A'[/ + 



Popt-V 
Popt-V' 



(i) (i) 
n y x <r x + nZ'cr,, 



y u y) 
r(j) 



(v-v')popt-v 2 n 2 z 

V n z(Popt-V) 

_ (v-v')popt - 



n, 



W U V! rrn z (p pt-vT ' zl ' 



Xj[I + l(n x 3> <j x + n y J) a y )}, 



m = \'(I + n^ax + n y u, a y y, 



M). 



(66) 
(67) 
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^ = X i [I + -jk^** + n " )(7 ^ (68) 



n;- = 0; 



w„ >>^A ( 69 ) 



and 

n i = °! 

n^A^Z + n^^ + nf^). (70) 

III. MED between two sets of similarity transformed m-qubit states in general- 
ized Bloch sphere 

We consider particular m-qubit states in d = 2 m dimensional Hilbert space which possess 
properties similar to qubit density matrices represented in Bloch sphere, and so we call them 
generalized Bloch sphere states. Then the decomposition of these density matrices into a 
Bloch vector has, in general, the following form: 



^ 2m+l 

i=i 

where ji for i — 1,2, ... , 2m+l, known as Dirac matrices, are generators of special orthogonal 
group SO (2m + 1), and represented as traceless Hermitian matrices in a 2 m -dimensional 
Hilbert space. That is, 7, are maximally anticommuting set which satisfy 

{ li , lj } = 25 ij I d . (72) 

For a brief review about Dirac matrices and an explicit construction of 7jS, we refer the 
reader to [22] or the Appendix A of [23]. From the properties (1721 . it is easy to see that 
(n.7) 2 = / and so the eigenvalues of p are •^j?. Therefore, the spectral decomposed form of 
the density matrix p is 

1 2 m 2 2 m 2 

where J+ "' 7 and J ~^" 7 are projection operators (idempotents) to the degenerate eigenspaces 

corresponding to the eigenvalues and -^r, respectively. Here, Ui = e •<* * J 1 3 are 
spinor representations of the group SO (2m + 1). It should be noticed that U^s can also be 
chosen as spinor representation of any subgroup of SO(2m+ 1) of the same rank m (maximal 
subgroup) such as SO(ii)<g>SO(i2)<8>- • .®SO(ii), where (i%, i 2 , ■ ■ ■ , k) is an arbitrary partition 
of 2m + 1 to I parties, i.e., 2m + 1 = i x + i 2 + . . . + ii- We write pj as 

Pi = + b E + b E n ^)> ( 74 ) 

ieS v i6S/ 

where Sy and 5j stand for index sets of Bloch vector components which are respectively 
variant and invariant under unitary similarity transformations by UjS. All of the discus- 
sions about qubit states can be extended to this case. 
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A. irreducible case 



When Ui's and U"s are irreducible representations, as in qubit case of subsection 2, M. 
is proportional to identity. Also, by Schur's lemma, invariant part of the density operators 
and their associated conjugate states are just equal to ^ J. As in the qubit case, at least one 
of c and d is equal to one and here we take c = 1. Since the discussion of d < 1 is similar 
to the qubit one, we proceed with d — 1 only. Therefore, we have 

p; = ^+ & '£-: 0) 7*), (76) 

i&S' v 

^(J+Em?S)- (78) 



^ 2 



To satisfy Eq. (jSJ), we must choose the optimal POM elements as 



IT,- = XjU^iUr 1 = A,(J - m ih), (79) 

ies v 

n; = A;r-r ; • = a;.(/ - £ m?S). (so) 



By using Eqs. f|T2l and (I75|) - (l7g|) . the components of Bloch vectors associated with optimal 
measurement are found as 

m (j) = _j^_ n u) m f ) = _ j^L n f) iG5 (81) 

p — rj • p — rj' 

Finally, from the fact that the vectors m^, m'^\ ffi' and h'^' have unit lengths, the 
minimum error probability is found 

Pa P t = vO- + b)=r/{l + l/). (82) 



which is in agreement with the general result of irreducible case, i.e. Eq. ffl9|) . for d = T 

Or, 



1+6 j / _ 1+6^ 



B. reducible case 

Let Uj's and {/-'s are reducible representations. Since the operators U/s and U^s commute 
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with Ai, the index set associated to the maximal number of 7$'s which remain invariant 
under similarity transformations produced by them is Sj fl Sj. Thus we have 

M = al d + Y &7i- ( 83 ) 
ieSinS'j 

As any optimal POM element is perpendicular to the corresponding conjugate state, hence, 
for any j, we have 

il, = XjU^Uf 1 = Xj(i - Y m i ] n - Y m ^)' ( 84 ) 

i&SV ieSi 

n; = xpAUi 1 = a;(j - Y mf ^ - Y Kn)- (85) 

Placing these relations into the completeness relation (J7J), we obtain 

n n' 

E A i-E A i-! ( 86 ) 
Z A i m ? ) + Z A X W = °' ^SyflS; (87) 

3=1 3=1 

n n' 

i=i j=i 

^ Xjm^ + A; = 0, z G Sy — (S v n S^) (89) 

n n' 

Y X j + S A >? } = °> ^S;-(^fl 5^) (90) 

3=1 3=1 

By substituting .M from Eq. fl83|) into Eq. ffl2|) . we conclude that 

CO = a*_ n &'>, ieS 

% Popt-V 1 

™* = -^ i n i , teS v -(S v nS' v ); (91) 



and 



1 Popt-V ' 



Popt-n 



m- 



' 2^n' 

Popt-V 1 



7 rii, z e S' v - (S v n S' v ); (92) 



* Vo-nt—n 1 ' J i 
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To derive p opt by solving Eqs. (188]) . ( l9Tj) and ( 192]) . first we denote restrictions of n and n' 
to the subspace corresponding to the index set Si PI S'j by n*o and n respectively. Next, to 
simplify the algebra, we choose a coordinate system in the subspace corresponding to the 
index set Si fl Sj such that the vector n is directed along an axis. In this coordinate system, 
let us denote by n' the component of n' along ro and by n[ its component along an axis 
in the plane of n Q and n' Q which is perpendicular to Hq. By some tricky algebra which is 
discussed in detail in Appendix C, we find 



-B ± VB 2 - AC 
Popt = ^4 ' ( 93 ) 

where 

A = (rj - if - (rjbno - v'b'n' ) 2 - V ' 2 b' 2 n' 2 

B = [ V 2 (l - b 2 ) - (1 - b> 2 ) - 2 -^^}(v - rf) 

-2r]bn (r] - i){r]bn Q - rj'b'n' + ^z^r) + 2?7[(r/6n - r]'b'n' ) 2 + r]' 2 b' 2 nf] 
C = [ v 2 (l - b 2 ) - V ' 2 (l - V- 



(94) 



r/bno—ri'b'n' J 

+ { tttk? ) ~ mvbn - V 'b'n' ) 2 + V ' 2 b> 2 n> 2 ] 

-4 V bn [v\l ~ b 2 ) - V ' 2 (l - b> 2 ) - Hg^f }( v bn - ib% + J^r). 

It is easy to see that the statement of p opt is reduced to the statement of qubit case if we let 
Si = Sj be one-dimensional and so n[ = 0, n = n z and n' = n' z . 



4 Conclusion 

Using the necessary and sufficient conditions for minimum-error discrimination in the equal- 
ity form which is equivalent to Helstrom family of ensembles, we investigated minimum-error 
discrimination among two sets of different equiprobable quantum states where each set gen- 
erated from a density operator by unitary similarity transformations. In the case that the 
unitary operators involved in the similarity transformations are generating of irreducible rep- 
resentations of two subgroups of U(d), we precisely derived the maximum success probability 
and the optimal measurement. However, for the case that the representations are reducible, 
we did not solve optimality conditions in general and instead we illustrated the method by 
applying it to solve optimality conditions for two set of equiprobable qubit states together 
with some particular cases and two set of equiprobable m-qubit states. The presented par- 
ticular cases were extended forms of some examples given in the literature and our results 
confirm theirs. 
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Appendix A 



Here, we want to calculate maximal success probability given in Eq. (193)) . To this aim, 
first we express Eq. (1121) in terms of the Bloch vectors components as 

rjbrii - rj'b'n't = (p opt - t/)mj - (p opt - 77)777,; (A-i) 

2 m /3i = rjbrii + (p^ - rj)mi (A-ii) 

for any i G Si R Sj. From Eqs. (1 A-i[) and ( 155j) . it is seen that for any i G Sj R Sj, the 
signs of rjbrii ~ Tj'fn^ and rrii are opposite. In other words, if restrictions of h, h', rh and rh' 
to the subspace corresponding to the index set Si R Sj are denoted by no, n' , rho and fh' 
respectively, then the vectors r]bn — r]'b'h' Q and mo point in the opposite directions and we 

can write 

E, N9 - rj'b'nL , .... 

2 /— '— °-. A-m 



Therefore, Eq. (lA-iij) takes the vectorial form 



• 7 ^ |?7on — 77 b 'n Q \ 




Eqs. fISS]) . flA-iiip and (lA-iv|) show that the vectors n Q , n' , (3, fh and rh' are coplanar. 



Next, to simplify the algebra, we choose an orthogonal coordinate system in the subspace 
corresponding to the index set Si R Sj such the plane of n and n' coincide with the plane 
defined by an arbitrary pair of coordinate axes and n points to the positive direction of one 
axis of the pair. Let us denote by n' and (3 the components of n' and j3 along an axis of 
the pair lying in the direction of hq and by n[ and /?i their components along another axis, 
respectively. In the considered frame, Eq. flHHj) and the third relations of Eqs. fl9T|) and (1921) 
are written as 

jim + (1 - u)m = « A . 

\xm\ + (1 — \i)m\ = 

m _ 2 m /3 -ribn 
Popt-V ' 



Popt—V 1 
, _ 2 m p - V ' b'n' 




(A-vi) 



Popt-V 
'"'1 — I ~ , 



Popt—??' 

where we have introduced [i = 52" =1 A 3 - and mo (m' ) and mi (m^) are components of rho 
(m' ). When we square both sides of the first two relations of Eqs. ( l9~Tj) and ( 192|) . then sum 
up over z and use the unity of h, h' , rh and rh', we obtain 

'-•^-"•f-^i'-O (Avii) 

Finally, by composing Eqs. (1A-vl) -( lA-viil) we attain to Eq. (1931) for p opt . 
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